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ABSTRACT

A classical approach formulates surface reconstruction in term of a variational problem by using two-dimensional surfaces
defined by generalized spline functions. We present such an approach in the case of range image segmentation. The
particularity of our approach lies in the way the discontinuities are detected. The spline is constrained to stay within a certain
maximal distance to the discrete measured data, but is free as far as the maximum distance is not reached. Discontinuity
emerges on points where the maximum distance constrains the spline. This method leads to a relaxation algorithm which
solves the segmentation iteratively, by locally applying a relation which is close to the diffusion equation in the case of the
membrane spline. Being iterative and local, the algorithm is suited for parallelism. We applied the method to range data from
laser scanners using two different surface models: the membrane spline, more adequate for polyhedric objects, and the thin
plate spline, more adequate for curved objects. The results illustrate the practical performance of this method which is simple,
parallel, and controlled by few parameters.

1. INTRODUCTION

In machine vision, range imaging has become very attractive. Many range sensors are already available and more efficient
ones are under development.* Low-level processing of range images is a necessary step towards high-level tasks as, for
example, the interpretation of the scene.'> The goal of the early-stage processing is the extraction and representation of
geometric primitives of any dimension, from point(0D) to volume(3D). Many approaches seek to extract and characterize
smooth surface patches separated by jumps(CO), creases(Cl) and/or curvature discontinuities(Cz). The method presented here
is one of them.

There are in principle two approaches to discontinuity/patch range image segmentation.

One can either

i) first detect discontinuities and obtain patches by closing contours, or

i) first grow surface patches and retrieve discontinuities at patches boundary.

Most of proposed methods belongs to the second category and grow patches by surface ﬁtting.15
The present approach detects discontinuities and grows smooth patches at the same time.

Our method relies on following basic idea: the segmentation problem is in some aspect inverse to the interpolation problem,
which is to construct over input points a surface from which other points can be computed. The goal of segmentation is to
approximate the input points with a surface to allow the suppression of most of them. Functional splines that are used for
interpolation can be also used for segmentation if they are given freedom to roam at close vicinity of input points. Then, the
only necessary points are those where the spline would escape; all other points can be discarded without any effect on the
spline.

The paper is structured as follows. Section 1 is the introduction. In section 2, we define a range image as a graph surface
and show the specifics of range image segmentation against traditional image segmentation. Section 3 should ease the
understanding of the method, in that it treats the more simple case of graph (1.5D) curves. In section 4, we extend the theory
from the previous section to the case of 2.5D surfaces and present our algorithm for range image segmentation. Finally
(section 5,) we present results obtained on synthetic as well as real data and comment on these results.



2. RANGE IMAGE SEGMENTATION

2.1 Range image as a regularly sampled graph surface

In its most compact form, a discrete range image P is a two-dimensional array [ryp] of distances from some origin to
surface points.4’5 The points can alternatively be represented by their coordinates in any Cartesian system, giving rise to the

array [(Xp . YinZmn) -

If the Cartesian coordinate system is well chosen, the range image can, in many cases, be converted into the form of a
regularly sampled two-dimensional piecewise-smooth graph-surface z(x,y).3’6 The transformation of the distances array [ryn]
into an array of regularly sampled z-values has sometimes the consequence that there is no value for certain samples.
Hence, to represent a range image, we use a two-dimensional array [kij] of elements taking their value within the set of real
numbers extended with the value NIL.

kij € (IRU {NIL}) (D

The defined values of kijj are the scaled z-values of the measured points. For completeness, the sampling distance Ad and the
scaling interval Ah have to be appended to the array [ki;]

P=,A ([kijl,Ah,Ad) , i € {0,1,....M-1}, j € {0,1,...,N-1} 2)
The graph-surface samples are
(Xij’yij’zij) =(1Ad,j Ad, kij Ah) 3)
We call this kind of range image, Cartesian range image.

2.2 Range image segmentation in the perspective of traditional image segmentation

Traditionally region-based image segmentation formulates the problem as follows:!
Given the predicate U, which indicates if a region is uniform (homogeneous), the image segmentation problem consists in
finding a partition Py, such that
1) URy) is true for any region Ry in Py, and
2) URj=R;) is false for every two regions R; and R;

The segmentation of a graph-surface range image into smooth surface patches can be expressed in terms of classic region-
based image segmentation.>%
A function ag(x,y) is attached to the region Ry, building a surface patch Ag(ay,Rk). The patch approximates the image data
over Ry, the approximation error being

€k = HginRk “4)

with Sij =%~ ak(xij’yij) %)

The symbol ||3|| represents a function norm.
The link to the general definition of the segmentation problem is made through the definition of the uniformity predicate

URg) = (ek <€) (6)

where ¢ is some threshold.

The problem is now formulated in terms of classical image segmentation. Various methods may be applied to solve it.617
However two basic problems still exist:

i)  There is no objective constraint over the functions ax. How should they be chosen? Functions of different complexity,
e.g. polynomials of different degrees, can be used. When should surface patches built with lower order functions be
replaced by a unique surface patch built with a higher order (more complex) function?

ii) The surface patch is made of a function of two continuous variables, but defined on a discrete domain. What is the
boundary between two surface patches?



2.3 Geometric signal processing vs. conventional signal processing

Classical linear signal processing requires that the signal and the noise have distinct frequency spectra, in order to be able to
enhance the former and diminish the latter. If the spectra are separated, the performance of the signal restoration or
preservation process is guaranteed even for high noise amplitude. In the case of a geometric signal, discontinuities are
features of high interest>. They correspond to high frequency signal components. On the other hand, the measuring process
induces high frequency noise also. Hence, working in the frequency domain to linearly suppress noise while preserving
discontinuities leads nowhere.

3. SPLINE FUNCTIONALS FOR 1.5D DIGITIZED CURVES

3.1 Definitions
According to the definition of generalized spline functionals??, we define one-dimensional spline functionals of order p as

p
f
cfc2p = f (d—p)de (7
D dx

In the present section we will make use of the spline functionals of order p=1 and p=2. We refer to them as cord spline and
thin bar spline, respectively.

. . . . 2 . .
Given the Cartesian coordinate system (O,ex,ey) in IR”, we consider the 1.5D discrete curve C defined by the sequence of N
points

P} = XY Xy s (XY ) -0 G pYNCDY ®)
where
Xg <Xy <. <x) <. <Xy )
We use the symbol y, for the characteristic function of the interval [x _{,x_]:
1 ifxe[x | x]

An(X) = { (10)

0 otherwise

3.2 Curve interpolation

Spline functionals are commonly used for curve interpolation. We give hereafter two examples. In the first example, the
cord spline is used to approximate the curve C by a function passing through its points. In the second, the thin bar spline is a
function approximating C, but in that case without passing through the points.

3.2.1 Linear interpolation

The linear interpolation of the curve C is trivial. From a theoretical point of view, the polyline having the points p  as
vertices may be considered as the solution to the variational problem, formalized as follows:
Among the set of functions f(x) such that

f(x,)) =y, Vn € {0,1,....N-1} (11)
find the function g(x) minimizing the functional
XN-1 5
cfetl = f fodx (12)
X0

It should be obvious that g(x) has the following properties:
i) itowns C” continuity, i.e it is everywhere continuous but for some x value, it is not differentiable
ii) it is built of different Ist-degree polynomials pI;Jl (x), (one for each interval [x _;.x ].) Using the characteristic



functions for the intervals [x _;,x ], we can write g(x) as a sum:

Nl
g(x) = glp}f (X)1,(x) (13)

n=

g(x) has a possible physical interpretation. It represents the equilibrium position of an ideally thin elastic cord passing
through the points (x_,y,)

Posing the same problem with the second order spline functional, results in the well known cubic spline interpolation. In that
case the function g(x) is built of third-degree polynomials.

3.2.2 Cubic spline interpolation with approximation

The cubic spline may be applied for smoothing noisy data. In that case, the variational problem involving the cubic spline
searches to minimize the functional

XN-1

Y(f) = f f "(x)zdx‘ Jr%l\lz_:)(yn-f(xn))2 (14)
n=
Xo
the natural boundary conditions being
£'(xg) =1 "(xN.p) =0 (15)
f"(xp) =1 "(xN.1) =0 (16)

The weighting factor a reflects the balance between smoothing and data fidelity. if the model is satisfied, g(x) may be
interpreted as the equilibrium position of a flexible thin bar fixed at the points (x,,y,) through ideal springs with stiffness c.

3.3 Curve segmentation

Hereafter, we show how splines, especially first and second order splines, can be used to segment a curve.

3.3.1 Variational problem

We pose the following variational problem:
Among the set of functions f(x) such that

Iy, - fx, )| <8>0, ¥n € {0,1,....N-1} (17)

find the function g(x) minimizing the functional

N dPr o
ofe?p = [ Cpdx (18)
Xo dx

Note that, in the linear spline case, the Euler equation corresponding to the functional constraints the second derivative of f to
be zero

f"(x)=0 (19)
In the cubic spline case the fourth derivative is forced to be zero
f"x)=0 (20)

g(x) can be interpreted as the equilibrium position of an elastic cord, in the case of the linear spline, and a flexible thin bar, in
the case of the cubic spline, constrained in its y-position within the range [y, -6, y +3]

3.3.2 Curve segments

It can be shown that the function g(x) solving the above variational problem is built of polynomials pmuy(x):



M-1
g = X p,00%,(0) @1
m=1
with associated sequence of points { ,p m/ such that the continuity of g(x) at ~.p m 18 9 for the cord spline and 0 for the
thin bar spline. The polynomials have, respectively, degree g=1 and q=3.

Considering the case of the linear spline, we make hereafter some statements that also apply to the cubic spline case.

The points ~,p o are discontinuity points: anywhere else g(x) is infinitely differentiable, since g"(x)=0. In other words, they
control the domain of continuity of g(x). They are the points at which the constraint defined by (17) is effective. Hence, they
own the end of range property £ defined by

ECP ) =P = (Y8 ) AT = Xy, 8, (xpy) [ (22)
The non-zero value § is a tolerance for errors in the digitized data. & should be at least as big as the noise amplitude in the
curve data. The converse is not necessarily true.
In general the number M of points —,p [ is smaller than the number N of curve points p, . At the other points (x,g(x,)), the
constraint has no influence, we call those points free points.

We argue that g(x) provides a segmentation of C, with two possible interpretations. We show this in the linear spline case,
where g(x) is a polyline approximating the curve C.
i)  continuous segments:
The set {(pmu '(x),xm(x))} represents literally the segments of the curve C, and the points p_ are the vertices.
ii)  discrete segments:
The free points within the same line segment i.e.

18X [ Xy <X <Xpiq} (23)

build one (discrete) segment of the curve. The points p  can be interpreted either as boundary points or better as
unclassified, if we consider that there should be only one boundary point between two segments.

3.4 Examples

From last section, it is clear that cord and thin bar splines are able to fit digitized first and third degree polynomials,
respectively. Hereafter we consider two simple examples in order to illustrate their behavior at discontinuities.
Both examples are built with two digitized line segments. The line segments are separated, in the first ex

1.0 T 15 7
1.0 7
10
0.5 -1
0.5 5
0.0 0.0 g ©
!
-5
0.5 — 0.5
-10
— 1.0
1.0 -15 =
T T T T T T T T T T T T T T ! ! ! ! | I 1
6 4 2 0 2 4 6 % a 2 0 2 a 6 6 4 0 2
0] o
1
-1
-2 1
o o -
3 - 9
)
4 3 ]
5 - 4
T T T T T T T T T T T 1 1 1 1 1 1 1 1 1 1
5 4 3 2 1 0 1 2 3 4 5 5 4 3 0 1 2 3




Fig.1. Curve segmentation by linear spline Fig.2. Curve segmentation by cubic spline approximation
approximation top: step discontinuity, bottom: roof discontinuity
top: step discontinuity left: cubic spline, right: cubic spline second derivative
bottom: roof discontinuity

ample, by a c? (step or jump) discontinuity, in the second, by a Cl(roof or crease) discontinuity. In the corresponding
figures, fig. 1 for the linear spline and fig. 2 for the cubic spline, the intervals [y, -8, y +8] are represented with error bars, the
endpoints and discontinuity points with a diamond marker. For the cubic spline we have represented its second derivative,
which is a piecewise linear function. Note that g"(x), which has a peak at the discontinuity, goes through an intermediate
state before reaching the value zero. In the simple example given here the linear spline performs well since it produces two
discontinuity points in the case of the step and one for the roof discontinuity. The cubic spline produces however disturbing
discontinuity points.

4. SPLINE FUNCTIONALS TO SEGMENT 2.5D DIGITIZED SURFACES

4.1 Extension of one-dimensional splines

4.1.1 Two-dimensional spline functionals

The two-dimensional spline functional of order one is the expression
cre2l = f (gf+(/2)dxdy (24)
D2

. . 2 . 2 . .
where £, and f_ are the first order partial derivatives of f and @~ a connected domain of IR™. cf =21 is called harmonic
spline or, because of its physical interpretation, membrane (rubber sheet) spline. The second order spline

cf 22 = [ (GG, dxdy (25)
D2

is called biharmonic spline or thin plate spline. Note that f__, fxy and fyy are the second order partial derivatives of f.

4.1.2 Variational problem

The variational problem that led to the segmentation of a 1.5D curve is formulated for the case of a graph surface. We first
introduce some definitions and notations.

4.1.2.1 Definitions

Given the Cartesian coordinate system (O,ex,ey,ez) in IR3, we consider the 2.5D digitized surface § defined by the set
{pn} = {(X()vy()vz())’(xlvylvzl)a . 'a(xnoynozn)s ce (XN_ls}/N_laZN_])} (26)
We define © g as any simple connected domain of IR2 containing all the points (x .y ):
(XY € D vn € {0,1,...,N-1} 27)
we write ['(D S) for the boundary of ©

S
of
The standard notations n and 2 are used for, respectively, the derivative across and along F(@S)

4.1.2.1 Variational problem

The elements of the variational problem we pose are:
i)  functional cf =2-P , as defined by (24) for the membrane spline and by (25) for the thin plate spline
il) constraints



2, f(x,y ) <8, ¥n (1 {0,1,...N-1} and § > 0 (28)

iii) natural boundary conditions
for the harmonic spline

% =0, V(xy) [ (D) (29)
and for the biharmonic spline7’9
o't
-Af + g =0, V(x,y) [ F(@S) (30)
o . 0.
Zn Af+ 3s oson. 0, V(x,y) [ F(®S) 3D

where A denotes the Laplacian operator.

Note that the Euler equations corresponding to the functionals cf <21 and cf <2+2 are

Af=0 (32)
and

Af=0 (33)
respectively.

The physical interpretation of g(x) is the equilibrium position of a membrane or, respectively, a thin plate constrained in its
z-position within the interval [z -6,z +3].

4.1.2.3 Discontinuities and segments

As in the 1.5D case, the solution g(x) to the variational problem gives rise to discontinuity points { ,p m/- However the
way leading to segmentation is no more straightforward. In fact, in order to get 2D segments, discontinuity points have to
build contour lines and this is not necessarily the case.

4.1.3 The way to segmentation

Hereafter we present our heuristic approach that has revealed itself efficient in practice in order to build contour lines form
discontinuity points and segment range images. The basic idea is to perform a dilatation on the discontinuity points,
however in an unconventional way.

4.1.3.1 Short review on second-order derivatives

We briefly recall that the directional second-order derivative of a function of two variables has two extreme values. They
are independent of the coordinate system. We call these values principal second-order derivatives and write f ' and f ).
The Laplacian is the sum of the principal second-order derivatives.

Af=f" +f, (34)

The product of f ' and f '\, satisfies following equation

1T = g fyy Ty (35)
As short notation for this product, we use
=111t 'm (36)

We note further that if the Laplacian is equal to zero (32), then f | and f ', have the same absolute value. We hence write

f=-E0p° 37)



4.1.3.2 Heuristic

In the harmonic spline case, the Laplacian, i.e. the sum of principal second derivatives is equal to zero, except at
discontinuity points ,p . There is however no constraint over the product of the two principal second derivatives. In our
approach, we link d1scont1nu1ty points by appending to the set {_,p m/ those points p_ which show a high

H(Py) = -y (3%

value.

By analogy, we have chosen the function %, for the biharmonic spline as (Af)(; L.e.

2 a2 a2

o 2
APy =7 A o ~ 3 A (Gay AD (39)

4.2 Algorithm

We summarize the method with the following algorithm:

i)  solve the variational problem posed in section 4.1.3
In fact a discrete version of the variational problem will be solved. Since in our case the general graph-surface defined
in section 4.1.2 is a Cartesian range image, the points p | satisfy the equation (3). It is straightforward to use the image
grid for the discretization.

ii)  find the discontinuity points { ,p m
In practice we take the end range pomts ~.p v i.e. those for which E(",p o) is true

iif)  create the boundaries by expanding the set { ,p } with the points satisfying

HP) <P’ (40)

where p is the order of the spline and -p2 is an arbitrary negative threshold value.

4.3 Computation

The computation-intensive part of the algorithm presented in last section is the resolution of the variational problem. Much
work has been invested since years in order to efficiently solve variational problems involving harmonic and biharmonic
spline functionals. There are basically two approaches for fast computation. In the first one, the computation is performed on
an analog electrical network'®?3. The second one applies iterative methods implemented on massively parallel computers14
Since the classical Jacobi iteration algorithm converges too slowly in order to have any practical interest, more performant
algorithms have been developed. Conjugate gradient descent and adaptive Chebychev acceleration method have been
investigatedg’19 as well as multigridlo’22 and hierarchical basis functions method.?® In our current approach, we have applied
the Jacobi method with a relaxation factor @<l for the membrane spline and the SSOR (Symmetric Successive
Overrelaxation)12 for the thin plate spline.

Hence, for the harmonic spline, starting with

JO
1] Ad (41)
the relaxation process repeats the step
(t+1/72) _ (1) L © , @
Vij _Vij + 4 Avij 42)
t+1 . 0 t+1/2)) (0), 8
v(ij ) - mm(max( (IJ) Ad V(ij )) V( ) Ad) (43)
until fulfilling of the stopping condition
max |Av (t) | < (44)
{]E(py) }

where ¢ is a small positive real value.

Note that since the discrete form of the Laplacian is



Av (45)

i 7 VG6D; VgD VD T Vigen A
equation (42) can be rewritten as

(t+172) _ (t) () (t) (t) (t)
A = (l-o)v;; 4 Vi-ni T Vign T Var; T Vighn (46)

and corresponds to a simple neighborhood operation.

Without giving here any proof, we state that for (o<1) the algorithm converges and that the test for the iterations to stop (44)
can be replaced by the simpler condition

(t+1) (t) (0]
n%,ag( |ViJ |< € 47)

In the case of the biharmonic spline, we proceed in a similar way.

5. EXPERIMENTS AND RESULTS

5.1 Test data

The segmentation method has been tested on numerous synthetic as well as sensed 25600256 range images. The sensed
images stem from the NRCC set of range images.18 Most of them contain manufactured objects with planar and curved
surfaces. The synthetic images represent objects with planar faces, separated by jump and roof discontinuities. The geometric
signal has been corrupted by Gaussian distributed random noise with predetermined o,

5.2 Comments on the results

Both membrane spline and thin plate spline have been applied to images of objects with planar and curved surfaces
separated by step and crease discontinuities.

The results of the different steps of the algorithm described in section 4.2 are represented in fig.3 and fig.4 for, respectively,
the harmonic and biharmonic spline. The grey-scale coded range image is at top left. Black is reserved for NIL values. The
"end of range image" at top right represents in dark, points having a NIL value, and end of range points (those for which
z,p J) is true). The white regions represent free points. The bottom left image represents the value of 7, and %, in fig.3
and fig.4, respectively. The positive values of 7, and %, have been truncated the other have been grey coded using a
logarithmic scale. White regions correspond to posmve Values of #, and 9/, They arise where Af and A2 f, respectively are
not equal to zero. This is either at discontinuity points or where the 1terat1ve process has not sufficiently converged. The
segmentation result is represented in the bottom right image by coloring the regions with four different colors (in the figures,
intensity values).

Fig.5 and fig.6 compare the results obtained with the membrane spline to those obtained with the thin plate spline. The
biharmonic spline is able to approximate planar as well as curved surfaces. The harmonic spline is only suited for planar
surfaces. As we have already observed in the 1.5D case, the second-order spline generates many discontinuity points where
discontinuities are present in the input data.

Fig.7 and fig.8 are two examples of a scene with manufactured objects and, respectively, natural objects in which the thin
plate spline delivers a satisfying segmentation result.

5.3 Discussion

Fig.9 compares the segmentation result of the membrane spline for two different noise sigma values. Obviously, the
segmentation becomes critical with increasing noise. The step constraint we have introduced allows to smooth data within the
surface patches. However, this is not the case at their boundaries. The constraints at discontinuity points disable the
smoothing of the surface in the tangential direction to the discontinuity.

6. CONCLUSION




In the present paper, we have shown how controlled-continuity splines can be used for range image segmentation purposes.
From a scientific point of view, the interest of the method lies in its physical analogy. Its parallel nature and the existence of
corresponding digital and analog hardware for its computation establish its technical attractiveness. The method delivers
membrane or thin plate spline approximation of the surface together with discontinuity points. The latter do not necessarily
build a contour line, but a heuristic method has been given that performs the grouping of discontinuity points into lines. A
series of experiments was also presented that show the effectiveness of our method to segment planar and curved surfaces
found in range images. We think therefore that the controlled-continuity spline approximation of range images can be con-
sidered as a basic segmentation step useful for the further fitting of geometric primitives.






Fig.7. In bulk objects scene Fig.8. Segmentation of a scene

segmentation with natural objects

top left: grey-coded range

image ) o )

top right: perspective view Fig.9. Noise influence on segmentation

bottom left: segmented image . .
top left: grey-coded range image top right: 3D plot
middle: noisy profiles bottom: segmentation result
left: Gn:Ah right: o= 4Ah
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